Continua having distal minimal actions by amenable groups by Shi, Enhui
ar
X
iv
:2
00
1.
03
75
5v
1 
 [m
ath
.D
S]
  1
1 J
an
 20
20
CONTINUA HAVING DISTAL MINIMAL ACTIONS BY AMENABLE
GROUPS
ENHUI SHI
ABSTRACT. Let X be a non-degenerate connected compact metric space. If X admits a
distal minimal action by a finitely generated amenable group, then the first Cˇech coho-
mology group Hˇ1(X) with integer coefficients is nontrivial. In particular, if X is homo-
topically equivalent to a CW complex, then X cannot be simply connected.
1. INTRODUCTION
The notion of distality was introduced by Hilbert for better understanding equicon-
tinuity ([2]). The study of minimal distal systems culminates in the beautiful structure
theorem of H. Furstenberg ([3]), which describes completely the relations between dis-
tality and equicontinuity for minimal systems. An interesting question is what compact
manifold can support a distal minimal group action? Clearly, the answer to this question
depends on the topology of the phase space and the algebraic structure of the acting group.
A remarkable result says that if a nontrivial space X admits a distal minimal actions by
abelian groups, then X cannot be simply connected (see e.g. [1, Chapter 7-Theorem 16]).
Thus the n-sphere Sn does not admit any distal minimal abelain group actions. In [9], the
author showed that if X is a closed surface and Γ is a lattice in SL(n,R) with n≥ 3, then
Γ cannot act on X distally and minimally.
We consider amenable group actions on continua and get the following theorem.
Theorem 1.1. Let X be a non-degenerate compact connected metric space. If X admits a
distal minimal action by a finitely generated amenable group, then the first Cˇech cohomol-
ogy group Hˇ1(X)with integer coefficients is nontrivial. In particular, if X is homotopically
equivalent to a CW complex, then X cannot be simply connected.
The following corollary is immediate.
Corollary 1.2. The n-sphere Sn (n ≥ 2) does not admit any distal minimal actions by
finitely generated amenable groups.
Here we remark that the class of amenable groups is strictly larger than that of abelian
groups, which contains all solvable groups. In addition, there do exist distal minimal
actions on Sn by nonamenable groups, such the actions generated by some irrational rigid
rotations around different axes of Rn+1.
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2. PRELIMINARIES
In this section, we will recall some basic notions and introduce some results which will
be used in the proof of the main theorem.
2.1. Distal group actions. Let X be a topological space and let Homeo(X) be the home-
omorphism group of X . Suppose G is a topological group. A group homomorphism
φ : G→Homeo(X) is called a continuous action of G on X if (x,g) 7→ φ(g)(x) is contin-
uous; we use the symbol (X ,G,φ) to denote this action. The action φ is said to be faithful
if it is injective. For brevity, we usually use gx or g(x) instead of φ(g)(x) and use (X ,G)
instead of (X ,G,φ) if no confusion occurs.
For x ∈ X , the orbit of x is the set Gx ≡ {gx : g ∈ G}; K ⊂ X is called G invariant
if Gx ∈ K for every x ∈ X ; (X ,G,φ) is called minimal if Gx is dense in X for every
x ∈ X , which is equivalent to that G has no proper closed invariant set; is called transitive
if Gx = X for every x ∈ X . If K ⊂ X is G invariant, then we naturally get a restriction
action φ |K of G on X ; if K is closed and nonempty, and the restriction action (K,G,φ |K)
is minimal, then we call K a minimal set of X or of the action. It is well known that
(X ,G,φ) always has a minimal set when X is a compact metric space.
Suppose (X ,G,φ) and (Y,G,ψ) are two actions. If there is a continuous surjection
f : X → Y such that f (φ(g)x) = ψ(g) f (x) for every g ∈ G and every x ∈ X , then we say
f is a homomorphism and (Y,G,ψ) is a factor of (X ,G,φ). If Y is a single point, then we
call (Y,G,ψ) a trivial factor of (X ,G,φ).
Assume further that X is a compact metric space with metric d. The action (X ,G,φ) is
called equicontinuous if for every ε > 0 there is a δ > 0 such that d(gx,gy) < ε when-
ever d(x,y) < δ ; is called distal, if for every x 6= y ∈ X , infg∈G d(gx,gy) > 0. Clearly,
equicontinuity implies distality.
The following results can be found in [1].
Theorem 2.1 ([1], p.98). Let (X ,G,φ) and (Y,G,ψ) be distal minimal actions, and let
f : X → Y be a homomorphism. Then f is open.
Theorem 2.2 ([1], p.104). Suppose X is not a single point. If (X ,G,φ) is distal minimal,
then it has a nontrivial equicontinuous factor.
Theorem 2.3 ([1], p.52). Let (X ,G,φ) be equicontinuous. Then the closure φ(G) in
C(X ,X)with respect to the uniform convergence topology is a compact topological group.
2.2. Amenable groups. Amenabilitywas first introduced by von Neumann. Recall that a
countable group G is amenable if there is a sequence of finite sets Fi (i= 1,2,3, . . . ) such
that lim
i→∞
|gFi△Fi|
|Fi|
= 0 for every g ∈ G, where |Fi| is the number of elements in Fi; the set Fi
is called a Følner set. For an abstract group G, if there is a sequence of normal subgroups
G = G0⊲G1⊲ ...⊲Gn = {e} such that Gi/Gi+1 is commutative for each i, then G is
called solvable.
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Now we list some well known facts about amenable groups and solvable groups. One
may consult [8] for the details.
Theorem 2.4. (1) Solvable groups and finite groups are amenable; (2) any group con-
taining a free noncommutative subgroup cannot be amenable; (3) every subgroup of an
amenable group (resp. solvable group) is amenable (resp. solvable); (4) every quotient
group of an amenable group (resp. solvable group) is amenable (resp. solvable).
The following remarkable result is known as Tits Alternative (see [10]).
Theorem 2.5. Let Γ be a finitely generated subgroup of a linear group. Then either Γ
contains a free nonabelian subgroup, or Γ has a finite index solvable subgroup.
2.3. Compact Lie groups. Let G be a connected Lie group and let Lie(G) be the Lie
algebra of G. Recall that G is said to be solvable if its Lie algebra is solvable, that is
there is a sequence of ideals Lie(G) = ℑ0⊲ℑ1⊲ ...⊲ℑn = {0} such that ℑi/ℑi+1 is
commutative for each i; this is equivalent to the existence of a sequence of closed normal
subgroups G = G0⊲G1⊲ ...⊲Gn = 0 such that Gi/Gi+1 is commutative for each i. If
the Lie algebra Lie(G) of G contains no nontrivial solvable ideal, then G is said to be
semisimple.
The following theorems are classical in the theory of Lie groups.
Theorem 2.6 ([4], Corollary 4.25 ). Let G be a compact Lie group and let ℑ be the
Lie algebra of G. Then ℑ = Z(ℑ)
⊕
[ℑ,ℑ], where Z(ℑ) is the center of ℑ and [ℑ,ℑ] is
semisimple.
Theorem 2.7 ([4], Corollary 1.103). Let G be a compact connected commutative Lie
group of dimension n. Then G is isomorphic to the n-torus Tn.
Corollary 2.8. Let G be a connected compact Lie group. If G is solvable, then G is
isomorphic to the n-torus Tn.
Proof. Let ℑ be the Lie algebra of G and let Z(ℑ) be its center. If [ℑ,ℑ] 6= 0, then ℑ/Z(ℑ)
is semisimple by Theorem 2.6. However, this is impossible since ℑ/Z(ℑ) is also solvable.
So [ℑ,ℑ] = 0 and hence ℑ is commutative. This implies G is commutative, since G is
connected. It follows from Theorem 2.7 that G is isomorphic to the n-torus Tn, where n
is the dimension of G. 
Theorem 2.9 ([4], Corollary 4.22). Let G be a compact Lie group. Then G is isomorphic
to a closed linear group.
2.4. Compact transformation groups. Let (X ,G,φ) be a group action and H be a
closed subgroup of G. Then we use X/H to denote the orbit space under the H action,
which is endowed with the quotient space topology.We useG/H to denote the coset space
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with the quotient topology, which is also the orbit space obtained by the left translation
action onG byH. IfH is a normal closed subgroup ofG, thenG/H is a topological group.
The following theorems can be seen in [6]. We only state them in some special cases
which are enough for our uses.
Theorem 2.10 ([6], p.65). Let X be a compact metric space and let (X ,G) be an action
of group G on X. Suppose G is compact. Then for every x ∈ X, G/Gx is homeomorphic to
Gx, where Gx = {g ∈ G : gx= x}.
Theorem 2.11 ([6], p.99). Let G be a compact group and let U be an open neighborhood
of the identity e. ThenU contains a normal subgroup H of G such that G/H is isomorphic
to a Lie group.
Theorem 2.12 ([6], p.61). Let X be a compact metric space and let (X ,G) be an action
of group G on X. Suppose G is compact and H is a closed normal subgroup of G. Then
G/H can act on X/H by letting gH.H(x) = H(gx) for gH ∈ G/H and H(x) ∈ X/H.
2.5. First Cˇech cohomology group. First we will recall an equivalent definition of the
first Cˇech cohomology group with integer coefficients. Let S1 be the unit circle in the com-
plex plane. For any paracompact normal space X , letC(X ,S1) be the set of all continuous
functions from X to S1, and let I(X ,S1) be the set of all f ∈C(X ,S1) which is inessen-
tial (i.e. f is homotopoic to a constant map from X to S1). Then under pointwise com-
plex multiplication,C(X ,S1) becomes a commutative group and I(X ,S1) is a subgroup of
C(X ,S1). Define the first cohomology group Hˇ1(X) of X by Hˇ1(X) =C(X ,S1)/I(X ,S1).
Suppose f : X → Y is continuous. Then f naturally induced a group homomorphism
f ∗ :H1(Y )→H1(X) by letting f ∗([g]) = [g◦ f ] for any [g] ∈H1(Y ). The map f is called
confluent if for any subcontinuum B of Y and any component A of f−1(B), we have
f (A) = B.
The following theorem is due to Lelek (see [5] or [7, Theorem 13.45]).
Theorem 2.13. Let f : X → Y be a confluent map from continuum X onto continuum Y .
Then f ∗ :H1(Y )→ H1(X) is injective.
The following theorem is due to Whyburn (see [12] or [7, Theorem 13.14]).
Theorem 2.14. Every open map of one compact metric space onto another is confluent.
From Theorem 2.13 and Theorem 2.14, we immediately get the following corollary.
Corollary 2.15. Let f : X → Y be an open map from continuum X onto continuum Y .
Then f ∗ :H1(Y )→ H1(X) is injective.
3. PROOF OF THE MAIN THEOREM
Lemma 3.1. Let G be a Lie group and Γ be a dense subgroup of G. If Γ is solvable as an
abstract group, then G is a solvable Lie group.
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Proof. Since Γ is solvable, we have a sequence of normal subgroups Γ = Γ0 ⊲ Γ1 ⊲
...⊲ Γn = {e} such that Γi/Γi+1 is commutative for each i. Let Gi = Γi. Then we get
a decreasing sequence of closed normal subgroups G= G0⊲G1⊲ ...⊲Gn = {e}. Since
Γi+1 ⊂ Gi+1 and Γi/Γi+1 is commutative, Γi/(Γi∩Gi+1) is commutative. So Gi/Gi+1 is
commutative by the continuity of group operations. Then G is solvable. 
Lemma 3.2. Let G be a compact Lie group and G0 be the connected component of e ∈G.
Suppose G acts transitively on a connected compact manifold M. Then the G0 action on
M is also transitive.
Proof. It is well known that G0 is a clopen normal subgroup of G. Since G is compact, G0
has finite index in G. Let G = g1G0∪ ...∪ gkG0 be the coset decomposition, where k =
[G :G0]. Fix an x0 ∈M. Then ∪
k
i=1giG0x0 =Gx0 =M, since the G action is transitive. So,
G0x0 contains a nonempty open set, which implies that G0x0 is open by the homogeneous
of the orbit G0x0. Thus G0x0 is clopen in M. Hence G0x0 = M by the connectedness of
M. 
Proof of Theorem 1.1. Let X be a connected compact metric space and let Γ be a finitely
generated amenable group. Suppose X admits a minimal distal action φ : Γ→Homeo(X).
We will show that the first cohomology group Hˇ1(X) with integer coefficients is nontriv-
ial.
By Theorem 2.2, there is a nontrivial equicontinuous factor (Y,Γ,ψ) of (X ,Γ,φ), which
is still minimal and connected. Set H = ψ(Γ). From Theorem 2.3, H is a compact sub-
group of Homeo(Y )with respect to the uniform convergence topology. Applying Theorem
2.11, we can take a small normal subgroup H ′ of H such that H/H ′ is a Lie group and
H ′y is a proper subset of Y for every y ∈ Y .
Then we get an equicontinuous action ψ ′ of the Lie group H/H ′ on the quotient
space Y/H ′ by Theorem 2.12; in particular, Y/H ′ is homeomorphic to the quotient space
(H/H ′)/Fy by Theorem 2.10, where y∈Y and Fy = {gH
′ ∈H/H ′ : gH ′.H ′y=H ′y}. This
implies that Y/H ′ is a connected compact manifold of dimension ≥ 1 (see [11, Theorem
3.58]), and hence H/H ′ is a compact Lie group of dimension ≥ 1. From Theorem 2.4-
(4), ψ(Γ)H ′ is an amenable subgroup of H/H ′ (as abstract groups); from Theorem 2.9,
Theorem 2.5, and Theorem 2.4-(2), we see that ψ(Γ)H ′ has a solvable subgroup Γ′ of
finite index. Then Γ′ is a closed subgroup of H/H ′ with finite index, and hence contains
the connected component (H/H ′)0 of H/H
′. Since Γ′ is solvable as a abstract group, Γ′
is a solvable Lie group by Lemma 3.1. So, (H/H ′)0 is a connected compact solvable Lie
group, which is then isomorphic to Tn with n≥ 1 by Corollary 2.8.
It follows from Lemma 3.2 that the (H/H ′)0 action on Y/H
′ is still transitive. So,
Y/H ′ is homeomorphic to (H/H ′)0/(Fy∩ (H/H
′)0). Since (H/H
′)0 is isomorphic to T
n,
Y/H ′ is homeomorphic to Tm for some 1≤m≤ n. Thus the first Cˇech cohomology group
Hˇ1(Y/H ′)∼= Hˇ1(Tm)∼=Zm 6= 0. Noting that (Y/H ′,Γ) is a minimal equicontinuous factor
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of (X ,Γ), we denote by pi the factor map between them. Then pi is open and surjective
by Theorem 2.1. Applying Theorem 2.15, we have pi∗ : Hˇ1(Y/H ′)→ Hˇ1(X) is injective;
in particular, Hˇ1(X) 6= 0. Since the first Cˇech cohomology group coincides with the first
singular cohomology group when X is homotopically equivalent to a CW complex, the
fundamental group of X is nontrivial. 
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